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ABSTRACT
We investigate a Liouville-Caputo fractional integro-differential equations (LCFIDES) with nonlinearities which
depends on the lower order fractional derivative of the unknown functions and also fractional integral of the
unknown functions supplemented with non-local generalized Riemann-Liouville fractional integral (GRLFI)
boundary conditions. The existence and uniqueness results are endorsed by LeraySchauder nonlinear alternative,
and Banach fixed point theorem. Sufficient examples have also been supplemented to substantiate the proof and
also we have discuss some variates of the given problem.

Keywords: Fractional differential equations, Liouville-Caputo derivatives, Generalized fractional integral,
Non-local, Existence, Fixed point.

I.  INTRODUCTION

In this paper, we start the investigation of BVP of LCFIDEs enhanced with non-local GRLFI boundary conditions.
In exact terms, we examine the existence and uniqueness of solutions for the accompanying LCFIDEs of the form:

Dy = f(ry@, DU@,3@), relor], 1<i=2, (W)

Cn®
where D, a= {i.(l}, denote the Liouville-Caputo fractional derivatives an

. ol
¢:C(0,TL,R)~» R are given continuous functions. ~ is the Riemann-Liouville fractional integral (RLFI) of
§=>0

order and also 3" is the GRLFI of order @ = 0 » >0 ang ¥, € are arbitrary constants. The study of
fractional-order integro-differential equations (FIDES) has gained considerable attention as such systems appear in
the mathematical modelling of many real world problems. For some recent results on FIDESs, we refer the reader to a
series of papers [1,4,5,7]. The popularity of fractional calculus tools in the mathematical modelling of many
processes and phenomena is quite eminent. It has been mainly due to the fact that fractional-order operators are non-
local in nature in contrast to integer-order operators and are capable of tracing the past effects of the involved
phenomena. For examples and details, see [6,10-12,14]. The topic of fractional-order BVPs has been addressed by
many authors and a significant development on the subject can be witnessed in the recent literature. For some recent
works, we refer the reader to [2,3,9,13] and the references cited therein. The rest of the paper is organised as
follows: In Module 2, we portray the essential foundation material identified with our problem and proved an
auxiliary lemma. Module 3 holds the main outcome. The validation of the solutions is done by providing examples
in Module 4. Finally, we discuss some observations of the given problem in Module 5.
T

JOl—c.c.- v 9,0—1
I(w) ) (vp —0r)t-w
0

df [0,TI*xERxRxR— R,

v(0) = 03, v f v(6)d6 = ¢ V(0)d = £ 39Py(),  (2)
Q

Il.  PRELIMINARIES

In this section, we introduce some notations and definitions of fractional calculus [8,10,12,14] and
present preliminary results needed in our proof later.
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fie)=R3|fllga < oo a€ER1<sg<m

The space of Lebesgue measurable functions "where and
1

c q
1f 1l o =([|6ﬂf(e)|q%) , 1sg<o.
b

q
efinition 2. € or oraer an +of a function ar=e e IS
Definition 2.1 The GRLFI of order § >0 and # > O of a function f € Xa(b. )V o <b<t<c<o,;
defined as

SN = £ [ = ep)”f(e)de
and

5P = e 6)do
(8@ = F@ G — oy ©d8,

R 4P

for T € (0.€) are called the left and right sided GRLFI of order ¢, respectively. The operators S5F and 3P are
f v f
defined for / € Xa(b, ).

Remark 2.1 The above definition for GRLFIs reduces to RLFIs for 7 — 1.
T
1 _
(35.F)@ = m!(’f — )71 f(6)do,
and

(1)@ = 575 | @ D5 f (@),

L
r@)
b

Definition 2.2 The RL fractional derivative of order ¢ >0, n =1 <{<n,n €N, i gefined as

T
1 T\
4 - - (— _ n—{-1
o f0) = g5 (30) [ - T r@as,
0
where the function / @ has absolutely continuous derivative up to order (n —1).
Definition 2.3 The Caputo fractional derivative of order ¢ for a function f [0,0) » R is defined as
n—-1 .
]
“Dif() = EJ (f(r) Zj—lfm({))), T >0, n—1<d{<n.
=07

where the function / @ has absolutely continuous derivative up to order (n —1).

Remark 2.2 1ff(©) € C*[0,%), 40
T

1 (@

CDf(r) = F(n—i)o (I—B)Hf—nd

0 =3"5f"(1), >0, n—1l<{<n.

Lemma2.1 Let$ = %and$ > O be the given constants. Then
{+p )
r ( P ) £
(f +p¢ +p) pf
p

S;P & _

143
@)
G JESR (C)Global Journal Of Engineering Science And Researches



THOMSON REUTERS

[Subramanian, 6(4): April 2019] ISSN 2348 - 8034
DOI- 10.5281/zenodo0.2639753 Impact Factor- 5.070

c —
Lemma 2.2 For¢ >0 the general solution of the FDE Df( =0 is given by
y(©) = ag+ ayT++ +a,_ "L, where@ ER,i=12-n—-1n=[{]+1).

In view of Lemma 2.2, it follows that

IDIf(1) = v(1) +ap + ay T+ +a, Tt aq€ER,i=12n—1nm=[{]+1).

* where

Next, we present an auxiliary lemma which plays a key role in the sequel.

Lemma 2.3 For f € (o, 7D, the solution of the linear FDE
“Dfy() = f(»), Te[0T], 3)
supplemented with the boundary conditions (2) is equivalent to the fractional integral equation

T
y(@ =3f@ + o) A +n,0) +%[8 JePSEf(v) —v f ng(ﬁ)dﬁl- (4)

0

where
1
1 ( £ vPw T) vT?2 gyewtt T (,5 T 1) )
= —|——1U e R .
= e T @ + D 72 ©° rlre+)
Yol
Proof. Itis evident that the general solution of the FDE in (3) can be written as
y(0) = IF(0) + a, + a,T, (6)
where 1.2 €R

are arbitrary constants. Using the boundary conditions (2) in (6)we get 1 = ). And also,
T
g ypPe

1 o
as; :E|:£J 'pdgf(’l»—') + (m

_ UT) o) —v f ¢ f(e)del. )
0
Substituting the values of %192 in (6) , We get the solution (4). This completes the proof.

= o T C T -
We define the space Y =(V:iVE COTLR) zng D2y €CUO,TLR)} gndowed with the norm
Iylly = liyll + [|¢D%y|| = sup [y(@)] + sup |Day (D).
TE[0,T] TE[0.T]

Observe that Cy' ||'||-y) is a Banach space. In view of
Lemma 2.3, we define an operator T:Y =Y a5 follows:
)@ = 5F(6,70), “D2y(6),3¥(9)) (0) + 9 () (1 +n,7)

+0|e99255f (0,5(0), D%y (0),5°5(0)) @)

T

—v f 3£ (6,00, °D%y(6), 3%y (6) ) df|. (8)
0
In this Module 3, we obtain some existence and uniqueness results by using LeraySchauder nonlinearalternative and

Banach fixed point theorem.
1. MAIN RESULTS

To run the interface for the proof, we introduce the notations :

0, = r +I r + e F("%Jrl) 9
PTG+ D n|'TC+2) | eeT@+ D rCrw+1)

P

144

(C)Global Journal Of Engineering Science And Researches



: THOMSON REUTERS

Subramanian, 6(4): April 2019 ISSN 2348 - 8034
p
DOI- 10.5281/zenodo0.2639753 Impact Factor- 5.070
71 q Ti+1 VPw+d r (g + 1)

0y = ——=+- + : 10

27T | T T\ D T ) o

Yol
A, =880, +s(Q+mT), A, =850, +sny, (11)
. TS

Q, =20, Q,=20, S= (1 +m) (12)

Theorem 3.2 Let/ * [OTIXRXRXR =R po 5 continuous function satisfying the conditions
91 1f @y, 2, 53) — f(T.21,22,23)| = SUlyy — 24l + ly2 — 221l + lly5 — 231D,

VT E[0,T]y,z €ERi =123, yhere S s the Lipschitz constant.

Let # : CULO,TLR) = R pe o continuous function with (0 = 0 and Iconstants S > 03
(92) leGn) —e()l = sllyr — w2, ¥V y1,5, € C([0,T], R).
Then the BVP (1)-(2) has a unique solution if

A, TG

A= ﬂl-l—m{l (13)

where 2142 gre given by (11).

Proof. Let us define
QT
Gtre—7)

0=

A A 2 = sup |f(z,0,0,0)].
where 8082, 2109; 4pe given by (11)-(12) and re[oT] Then we show that

Bo=U€Y:lylly=e}p,y€B,, using (91 we get
£ (r.y@. 2%v@, 3y@ )| < |f (z.v@, “D9y@), 3%y @) ) - £(7,0,00)| + £ 7,0,00)|

<S(ly@I +|D2y@| + |3Py(@)]) + €
5

T
=38 (||Y||'y +m ||Y||) +&
5

r(s+1)
le| = sllyll = sllylly = se.

1B, © B, where

gs(1+ )Ilyll-y+E:5§||y||-y+ﬁg SSo+ &

Then, for ¥ € Y> we procure

TGO = sup. {Sf £ (6.7, % y(0), 3@ )| @ + (1 +n,0)

+0 {29905 |£ (8,5(0), “0%3(0), 385 ®))| @)

|
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N T§ T vpcu-l—( r (f_) + 1) TC+1
<($So+ Q) =t — X + +so(1 +m,T
SSerNtgrnty || Fmre r(C+w+) T |( TeettmD
o

< (880 + ) 0, + so(1 +1,T)

which, on taking the norm for ¥ € [0, 7], yields 1Tyl < (S50 +2) 01 + so(1 +m:T).

Also we obtain

T @I < sup {sf |7 (8,5(0), 2% 3(0), 3%y(@®)| @ + 10 ()11

#2 [e3903¢ |7 (6,5(6), D%3(0), 3% ®))| @)

|

T¢-1 1 VPt F(g-l-l) T{+1
oM Epwr({ﬂ)xr(gmH) M (ES)

T

+o [ 57 (6,5(6), 0y (©), 3y(®)| a5

0

< (880 + 2)

+s0(n1)

= (SSQ + Q) Q; +s0(ny),
which implies that

(- 0) (s8¢ +2) 0, + so(n,)) T+
Cyée (Tr T ar
D4 (Ty) (D] < r(1 ) 1T (y) (6)|d6 < SRR
l l 7. - ((s80+2) y+s0(n, ) )T 51
Hence IxGlly = 101+ | = ((SSQ +9) 0, +so(1+ ??-1T)) + r(2-z,) =e

This demonstrate that ~ maps B2 into itself. Now, for ¥»Z € Y and for each © € [0 71, we obtain

(@@ - (F2) @)

< sup {:*sf |7 (8,70, “D%3(8),5¥(8)) - £ (6,2(6), “D%2(6),5°2(8) )| @)

te[0,7]

+le() — @A +mD)

+% e 3903 | (8,5(0), “D%y(8), ¥y(®)) — £ (6, 2(6), °D%2(8), 3°2(6) )| W)

T
+uf:~5< £ (6. 9(6), “D%y(8),32y(6)) — £ (6,2(6), “D%:2(6), 3°2(6) )| dGH
0

TS T - yPwts r (g + 1) TS+

=TT D Ty Epmr(c+1)xr(5+w+1) B CE)
_ P

T9

r(s+ 1)

X |lly =zl + [[¢Diy — D%z + Z||] +s@+mDlly —zl
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T§ T va_'_q. r (g + 1) T§+1 TS
<S{o— - X + 1+ ———|lly—zl
TC+D 7|\ “p°TC+D rtw+) TC+2) [( r(5+1))”'"‘ Z”y]
D

+s(1+n,Dlly —z||
= Mlly —zlly.
Also we obtain
(Ty)' () — (T2) (D] = Aslly—zlly,
which implies that

T
€D (Ty) () — D% (T2)(D)| = % 1(Ty)'(0) — (T2)"(6)|do
Oﬂle—éH
= T2 =230 ly — zlly-

From the above estimates, we have
1@y) — @Dy = 1 @y) — @) || +[|°D%(Ty) — D% (I2) ||

A, TG

< {al ¥ m} Iy — zly.

Thus, in view of the condition (13), it follows that the operator Tis a contraction. Hence it follows by Banach fixed
point theorem that the problem (1)-(2) has at most one solution on [0, 7]

Theorem 3.2Let % be a Banach space, Whe a closed, convex subset of P.Z an open subset of W,and 0 €2
Suppose that T:2->Wisq continuous, compact (i.e., E(Z) is a relatively compact subset of w) map. Then either
@ % has a fixed pointz' or

(i) thereisa? € 9% (the boundary of < in W) and € € (0,1) \yith z = €3z |

Theorem 3.3 Let/ * [0.TI X RXRX R = R js 4 continuous function and the assumption 92)hold. Then
(93)3 3 function ¥ € CUO, TLRY), gng o nondecreasing, subhomogeneous (i.e., I(vy) = vi(y)
Vvzlgygy € ]E‘Jr) function? * R" = R* 3
If (&, y1 y2, 7)1 < @) Iyl + vz |l + llyslD, ¥ (7, y1,52,73) €[0,TIXRXRXR;
(92)3 3 constant 2> 03

2

= ]_.
< 0,716 3
||1}")||519(D) (111 + éill)) ((1 + 141 ) -I-l_‘i "(1 lll))

where 2122 and S are given by (9),(10),(12). Then the BVP (1)-(2) has at least one solution on [o, T].

Proof.Consider the operator T Y =Y defined by (8). In the first step, we demonstrate that T maps bounded sets

into bounded sets in C([0 71, = {y €C([0, 7L R) : llylly = €3 s . pounded set

in C(L0. 71, R)- Then

R) Fora positive number € let 2
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TG@I= sup 15 |7 (6, 7(6), “Dy©). 3¥(®) )| @ + 9@ +m0)

T
.
n

£ 3904 |f (6,7(6), D%y(6), 3%y (0) )| ()

|

(@® + syl +n,T)

T

+o [ %7 (6,5(6), 0y (©), 30(®)| a5

0

TS
= ¢ h Cyéayy —  ||v
_{o 0620 (I + 10 + 55101

T
+E[Ewsc¢(9)a(uyn R ||}||)(v)

T

TS
+yf3<w(e)19(llyll +]| D%yl +m”3’”)d9
0

< QullglISO(llylly) + s +nmDllylly
T €[0,T], yields ||gy|| = Ql||l,b||§19(

which, on taking the norm for ly |-y) + S(l + n'lT)

Also we obtain

[TO@| =

up 45 lw(ew(nyn + o™y + ||;»||) (@) +slyll(n,)

l"(é‘ +1)

1 6
2| g guey , c ;
+les w(ew(m +[o" +F(5+1)||} |)(v)
T
ro [ u@o (Il + [ o] + g 1o
0

< Q,llplISo(llylly) + sGllylly,

K —9) %
D% (@) ()] < (5(17_) () (016

(nznwnw(nyny) +s(llylly) T4

F(Z ¢1) .
C -, = (6 7 ;l‘
Hence =Wy = =G
i _0_ Tl €1 1_51
< [ly1159(e) (nl m) + SQ((l +mn.T) +m>
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RACDICPIRRACHICD]

< {rz ; . L‘J“’-PSC ‘f (6‘.}’(9). Cﬁ(‘J’(ﬂ)-SaJ’(BJ)‘ )

T
+o [ 97]f (8,3(6), 5y (6), 30y(0))| o
0
f“ [(r = ) — (1, = )]
I

} + o) ny(rz —11)

xf (6.7(6), “D%y(0),5°y(6)) d6

{-1
+ f L £(6.5(6),“D%y(6), 3°y(6)) db

T
& + F(g-l-l) +1
(2 — )0 [ l159(e) e veers X P +v T + seny(t; — 11)
- n p°T(C+1) r(g+w+1) T +a)( oM n
Q. llplISy
e e i R (|
Also we obtain
lIv1IS9(e)

RAGICYERAGICH] =
which implies that

1-4 §9
|€D% (Ty) (15) — CD(Ty) (1y)] < r (”"’”S (9)[&2—r1>€‘1+|r£‘1—r5‘1|])-

1 -1 i
F(O [(TZ 71)f ‘ 1 H

re2—d\ T

Obviously the right hand side of the above inequalities tends to zero independently of y €8, as Tz ~T1 2 OagT

satisfies the above assumptions, it follows by Arzela-Ascoli theorem that T:c([o,TLR) _"C([O 7], R) is
completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative (Theorem 3.2) once we have proved the
boundedness of the set of all solutions to equations Y = #¥Y for # € [0,1] | ¢t ¥ be a solution. Then, for T € [0, 71,

and using the computation in proving that Tis bounded, we have
¢
T VPet] r (; + 1) T+

A (VA Ep‘“r(5+1)xr(5+w+1) D
o

IpIS9(llylly) + s + . Dllylly
< QlIplS8(llylly) + s + 0 Dllylly.

which, on taking the norm for © €[o,7], yields
Iyl < Q1 IRplISE(llylly) + sCL+ . Dlylly.
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Also we have
¢
1 1 P+ r ( + 1) T ~
2! = 4 — + — -I— 819 71| —I— 711
ly' @] T n pe T(T+ 1) F( ot 1) Ur({ +2) Il (||}||y) snllylly

< QlIIS9(lylly) + sniliylly,
which implies that

T
Q So(llylly) +s o] )T 152

ety < [P @ jae < (22NPISEly) + smlylly)T %

3 A= NER)

g -z
Ity 1 = S0 0+ 2255) s bty -+ 5255
1

Consequently

Hence, we have
ylly

=
A -\ T
1155(ylly) (01 + rary ;))+s||y||-y((1+nlr)+ﬁgf—_lcl))

In view of (94): there exists 2 such that 17l < 2 et us set
={yecC(o,T],R) : [yl < Q}.

Note that the operator T: Z->C(0TLR) is continuous and completely continuous. From the choice of Z, there is
no Y €9%guch that ¥ = K¥O) for some # € (O1). Consequently, by the nonlinear alternative of Leray-

Schaudertype (Theorem 3.2) we deduce that T has a fixed point ¥ € Z \which is a solution of the problem (1)-(2).
This completes the proof.

Remark 3.4  Setting # — L in the BVP (1)-(2), the GRLFI boundary conditions reduces to RLFI boundary
conditions
CTng(r) = f(r, y(1), D1y(7), ?sﬁy(r)), T €0, T], 1<{=2,

T

f (v — 0)°-1y(0)d = & 3y (v). (14)

1
}’(0) = (P(}I)n U[}’(e)de = Em
0

0

In this case the values of 1 and 2 are found to be

_ Ti T TC+l W+
Ql:r(q+1)+ﬁUr({+2)+(€r(§+m+1))' (15)
_ TZ—l 1 TC+l W+

Q, :@+_UF({+2)+(£F({+Q+1)). (16)
A, =550, +s(1+9,T), A, =SS0, +sn,, (17)
- . . . N TS

9,=24, 0,=¢q4, §= (HM)' (18)
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where the operator (8) modifies to the form
T @) = If (9-}’(9). CDG}’(G).SS}’(@)) @+ +n0)
T
+[e350F (6,5(6), °0%y(6),3%5(®)) () —v [ 377 (6,3(6), D% 3(6), 3%y(0)) b |
0
where

1( ev¥ T) uT? ev@tl
T\t ) " w2/

@ C([0,T,R) - R

Corollary 35 Let f[OTIXRXRXR—=R 54 are continuous functions and the
assumptions (351) and (352) holds. Then the BVP (14) has a unique solution on [0.7], provided that
- Ele_El
A= M+ ———= <1,
F(Z - (l)

where 21 22 js defined by (17).
Corollary 3.6 Let f* [OTIXRXRXR—=R pe 5 continuous function and the assumptions () and (95)

holds. Then the BVP (14) has at least one solution on [0,7],
2

- - ﬁle_gl m y st
Iolso(e) (3 + e m) + sa((l mT)+ o zl))

Qy,

provided that

> 1,
where Qs is defined by (15) and (16) respectively.
V. EXAMPLES

Example 4.1 Consider the following BVP of LCFIDEs given by

2 1 ™) ly(@)| 4 2
Com5 _ Cem5 o~
b il = + + b 7 _|_ Dar , = 0'2
}(T) T+2 (r2+36) (1+ y(r)| }(T) 36-!—’:\5 }(1’) T [ ]
1 v
1 1 ple o1 1 21 (2
v0) =20, ¢ f 7(8) 6 = 2 [ gy (0)d0 = ¢ Sy (g) 19)
0 0
9 1 1 2 1 3 4
Solution:Here,{ =g v=ge=gv=p=pe=T=24=6=

We able acquire those values by utilizing the specified information,
n = 0.22686089941103943 ,1; = 1.0451797031070096,0, = 4.534356359063599,0, =

3.098009408333942,A; = 0.43688364112895894, A, = 0.25584222487241853.

flzy@, csy@, 3oy@ | = =+ (LOL L endym) )+ 5y
Since ' ' ' t+2  (12+436) \ 1+y(D)| 3647

it is clear that

‘f (r,y(r), ‘:Dgy(r). Sg}’(r)) —f (r,z(r), CDEZ(I), ng(r))‘ = 3—16 (||y —z|| + ” Ci‘agy — C@%g | +

2—15 .We procure, A = 0.7569615628425845 < 1, the presumptions of Theorem 3.1 hold and hence the

2
3

R

2
v — 35z |) and |p(y) —e(z)| = ﬁ lv — z||. Consequently, ($,) and ($,) are satisfied with § = 3—16,5' =

" 151
@)
G JESR (C)Global Journal Of Engineering Science And Researches



THOMSON REUTERS

[Subramanian, 6(4): April 2019] ISSN 2348 - 8034
DOI- 10.5281/zenodo0.2639753 Impact Factor- 5.070
has at most one solution on [0.2]

Example 4.2 Consider the following BVP of LCFIDEs given by

7 T 3 Voot
“piy(r) = m siny(7) + “D*y(7) + 755}’(’5) +2], t€[0.2], (20)
supplemented with the boundary conditions of Example 4.1
-7,z -t 2z _1 _ET_zg_Eg_E
Solution:Here,{ Ty VTtttV PTpeTpITANT 0T

We able acquire those values by utilizing the specified information
n = 0.22686089941103943,n; = 1.0451797031070096, 0, = 4.626708833833511,0, =
3 = 2
f (r.y(r). “Day(2), i‘ssy(r))‘ = ——(1+llylly), and llpll =

3.0975974198417005. It is clear that =
(12+56)

2—18 ,we find that Q > Q,. Thus, the presumptions of Theorem 3.3 hold and consequently the BVP (20)
has at least one solution on [0,2].

V.  DISCUSSION

Here, Two cases where been discussed, and also # — 0.25 happens to be case 1, case 2 is for # — 1 Rest of the
values are kept in common for problems (19) and (14). Problem (19) signifies the LCFIDEs with nonlocal GRLFI
conditions and Problem (14) delineates the LCFIDEs with nonlocal RLFI conditions. At this point the assumption

value of uniqueness of solutions for the problem (19) is A and is illustrated in Figure. 1, Likewise, Aldepicts the
assumption value for the problem (14) and is represented in Figure.2. Here we demonstrate the comparison results of

assumption values of the problem (19) and (14). From the above said figure we justify the values of A A, by
showing the influence of P for its differing values on the characteristics of generalized fractional integral operator. It
is evident from the figure that when P = 0

3.1. According to Figure.1 and Figure.2, the behaviour of generalized fractional integral operator with respect to P
leads to a new path regarding control applications.

, We are able to get positive solutions under the assumptions of Theorem

0.95
0.90
0.85 V
080 <
0.75
0.70

06 L
14 04 1>
I<cp18 02 g%
18 .
<2 2.0

Figure.1 [Case.1]
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Figure.2 [Case.2]
VI. CONCLUSION

We came to realize that in favor of the results stated at the top, the problem of LCFIDEs with non-local GRLFI
boundary condition holds good for existence conditions. Thus the problem defined in the article becomes viable.
Besides, the reader shall further evolve the problem with abundant ideas with certain persistent estimates of the
parameter associated with the problem. We enrolled below few special cases.

T T
1o =1Y Jy y(©)do = v f; y(6) dH(6) stter that we acquire the solution for the problem of LCFIDESs with non-
local Stieltjes integral and RLFI boundary conditions.

1fv =0, ¢=1, p =1 in that case, we come to have the results for the problem of LCFIDESs with non-local RLFI
boundary conditions.

=0, Iy y(6)d8 = v [, y(6) dH(®)
integral boundary conditions.

,we get the results for the problem of LCFIDEs with non-local Stieltjes

If¥ =0, £ =1, jn that case, after that we acquire the solution for the problem of LCFIDEs with non-local GRLFI
boundary conditions.

T T
i Jo ¥(6) d6 = v y(6) dH(8) i that case, we come to have the results for the problem of LCFIDEs with non-
local Stieltjes integral and GRLFI boundary conditions.

VIl.  ACKNOWLEDGEMENTS

The second author was supported by the minor research project funded by University Grants Commissions (F.No.4-
4/2015-16 (MRP/UGC-SERO)).

REFERENCES

1. B. Ahmad, SK. Ntouyas, J. Tariboon, andA. Alsaedi, “Impulsive fractional g-integro-difference equations with
separated boundary conditions,” Applied Mathematics and Computation, 281,2016, pp.199-213.

2. RP. Agarwal, A. Alsaedi, A. Alsharif, andB. Ahmad, “On nonlinear fractional-order boundary value problems
with non-local multi-point conditions involving Liouville-Caputo derivative, Differential Equations &
Applications, 9(2), 2017, pp. 147-160.

153
(C)Global Journal Of Engineering Science And Researches




THOMSON REUTERS

[Subramanian, 6(4): April 2019] ISSN 2348 - 8034

DOI- 10.5281/zenodo0.2639753 Impact Factor- 5.070

3. B. Ahmad, andR. Luca, “Existence of solutions for a sequential fractional integro-differential system with
coupled integral boundary conditions, ” Chaos, Solitons & Fractals, 104,2017, pp.378-388.

4.  B. Ahmad, SK. Ntouyas, andJ. Tariboon, “A non-local hybrid boundary value problem of Caputo fractional
integro-differential equations,” Acta Mathematica Scientia, 36B(6), 2016, pp. 1631-1640.

5. B. Ahmad, SK. Ntouyas, and J. Tariboon, “Existence results for mixed Hadamard and Riemann-Liouville
fractional integro-differential inclusions,” Journal of Nonlinear Science and Applications, 9,2016, pp.6333-
6347.

6. K Diethelm, “The analysis of fractional differential equations,” Springer, Berlin, Heidelberg, 2010.

7. P. Duraisamy, and T. Nandha Gopal, “Existence results for fractional delay integro-differential equations with
multi-point boundary conditions,” Malaya Journal of Matematik, 7(1), 2019, pp. 96-103.

8. U.N. Katugampola, “New approach to a generalized fractional integral,” Applied Mathematics and
Computation, 218(3),2011, pp.860-865.

9. U.N. Katugampola, “Existence and Uniqueness Results for a Class of Generalized Fractional Differential
Equations,” arXiv:1411.5229, 2016.

10. A.A.Kilbas, HM. Srivastava, and J.J. Trujillo, “Theory and applications of fractional differential equations,”
Amsterdam, Boston, Elsevier, 2006.

11. A.Kilbas, M. Saigo, R.K. Saxena, “Generalized Mittag-Leffler function and generalized fractional calculus
operators,” Integral Transforms Spec. Funct. 15(1), 2004,pp. 31-49.

12. 1.Podlubny, “Fractional Differential Equations Mathematics in Science and Engineering,” Vol.198, Academic
Press, San Diego, CA, 1999.

13. A.R. Vidhyakumar, P. Duraisamy, T. Nandha Gopal, and M. Subramanian, “Analysis of fractional differential
equation involving Caputo derivative with non-local discrete and multi-strip type boundary conditions,”
Journal of Physics : Conference series, 1139(1), 2018, pp. 012020.

14. Z. Yong, J. Wang and Z. Lu, “Basic Theory of Fractional Differential Equations,” World Scientific,

doi.org/10.1142/10238, 2016, pp. 1-380.

154
(C)Global Journal Of Engineering Science And Researches



